We give a graphical prescription for obtaining and characterising all separable coordinates for which the Schrödinger equation admits separable solutions for one of the superintegrable potentials
Introduction
In previous articles we have looked at two-and three-dimensional superintegrable potentials for which the Schrödinger equation is maximally superintegrable [1, 2, 3, 4] . (As the first investigation of superintegrable potentials we also refer to papers [5, 6, 7] . Many examples of the relation between symmetry and variable separation are given in [8] .) In this article we extend our study to the case of AEdimensional Euclidean space, where the requirement is that the potentials admit ¾AE ½ functionally independent second-order symmetries. As shown previously for two-and three-dimensional Euclidean space, the potentials we consider have bound state solutions which can be found in polynomial form. Using the graphical calculus developed for separable coordinates in Euclidean AE-space and on the Ò-sphere [9, 10] we are able to describe systemmatically coordinate separation 
Our goal is to find, for two particularly chosen superintegrable potentials, all solutions of this equation via a separation of variables ansatz © ¥ Ò ½ ´Ù µ for all possible coordinate systems Ù . These potentials are exceptional. Not only are they superintegrable (admitting ¾AE ½ functionally independent second order constants of the motion), but they occur for all AE Ò · ½ ¾, and contain many other special potentials as limiting cases. They have a distinguished cartesian coordinate Ü Ò·½ , and due to this symmetry breaking, these potentials do not separate in all coordinate systems for which the zero potential Schrödinger equation separates. However they do separate in a large subclass of such systems, large in the sense that the number of separable systems grows without bound as AE
½.
Though the analysis is complicated, we can use the graphical characterization of all separable systems for the free equation in Euclidean AE-space, [9, 10] , to determine exactly which systems also separate for the given potentials. The two cases are the nonisotropic oscillator potentiaĺ also belongs in this group. However, the variable separation problem for that case is relatively simple and is well known, [11, 12, 13] . To shed some insight on the concept of nondegeneracy we digress and examine the relationship between the potential and the invariants in a classical superintegrable system. Let the Hamiltonian be À AE ½ Ô ¾ · Î´Üµ (2) where Ü ´Ü ½ ¡ ¡ ¡ Ü AE µ are cartesian coordinates. Suppose À defines a superintegrable system in the sense of this paper, i.e., suppose there exist ¾AE ½ functionally independent second-order invariants ´½µ À, ´¾µ ¡ ¡ ¡ ¾AE ½µ : 
The integrability conditions for the matrix components and the potential are ´Ñµ · ´Ñµ · ´Ñµ ¼ In all, expressions (6) constitute Å AE´AE ½µ ¾ equations for È ´AE · ¾µ´AE ½µ ¾ unknowns (the independent second derivatives of Î ). We can write this system in the form Î ¾ Î ½ where is Å ¢ È , Î ¾ is the È ¢ ½ vector of second-order derivatives of Î , and Î ½ is the Å ¢½ vector containing the terms that are first-order derivatives of Î . We say that this system is nondegenerate provided three conditions are satisfied:
1.
has rank È , the maximum possible.
2. The augmented matrix ¼ ´ Î ½ µ also has rank È .
These two conditions imply that we can (uniquely) solve for the È secondorder derivatives Î AEAE Î , ½ AE and Î , ½ AE as linear combinations of the AE functions Î with coefficients that are rational functions of the cartesian coordinates.
(This is most easily seen, for example, if all È -rowed minors in are nonzero. Then one can find solutions of the form (7), and if ¼ also has rank È , these solutions are consistent.) From these expressions we can solve for all the third-order derivatives Î and all higher-order derivatives, as linear combinations of the derivatives AEAE Î , Î , ½ AE. We require that this process puts no further restrictions on the components.
3. All higher derivatives of Î can be determined unambiguously from relations (7), i.e., the integrability conditions are satisfied identically.
We say that Ü ¼ is a regular point if all the rational functions ´Üµ ´Üµ are well defined at Ü Ü ¼ .
From the definition of nondegeneracy one can show that the potential Î is nondegenerate if and only if it is uniquely determined by the AE · ¾ parameters AEAE Î´Ü ¼ µ, Î´Ü ¼ µ, Î´Ü ¼ µ, and these parameters can be prescribed arbitrarily at the regular point Ü ¼ .
All known nondegenerate superintegrable systems have the property that there is a quadratic algebra of constants of the motion. In particular there is a basis for these constants that closes under a finite number of commutators. We verify that this is indeed the case for system (I). The structure of the quadratic algebra, which we work out, provides important information for interbasis expansions relating the separable systems. On the other hand, the basis constants for the degenerate system (II) do not close under a finite number of commutators.
Nonisotropic AE-dimensional oscillator
The first potential that we consider is
From the known separable systems on the Ò-dimensional sphere and in AE-dimensional Euclidean space [9, 10] , we will see that the separation of variables problem can be solved for this multiparameter potential [13] . To completely describe the separable coordinates for the corresponding Schrödinger equation it will be convenient to consider first some special classes of coordinate systems. These will provide the groundwork for the complete classification of all such systems. Each such coordinate system gives rise to separation constants which are second order symmetries of the corresponding Schrödinger equation. A basis for the vector space of such symmetries for is given by
[Note: Strictly speaking, there should be a term added to the expression (8) for the nonisotropic oscillator potential, but we can translate the coordinate so that this term becomes zero. (Addition of a constant to the potential is ignored.) It is worth a few words to explain why this is the case and why it doesn't occur for other superintegrable systems. In our classification of nondegenerate superintegrable systems we categorize the space of 2nd order symmetry operators for each system up to equivalence under Euclidean transformations, NOT the corresponding potentials. Once the space of symmetries is fixed, we calculate all potentials that are compatible with this space. Ordinarily each of our spaces of symmetry operators on a list of superintegrable potentials admits no proper subgroup of ´AE Êµ as a symmetry group, i.e., any Euclidean transformation maps the space into a distinct space of symmetries. However, for case (I) the space of symmetries is invariant under translations in . (The individual symmetry operators change but the space is invariant.) Thus the term should appear, since it is compatible with the symmetry space, but it can be made zero by a translation. ]
We first consider separable coordinate systems for which remains unchanged. In addition we consider the various forms of coordinates for which there is a polar coordinate Ö. Typically such coordinates have the forḿ
where
For coordinates of this type the corresponding separable solutions of the Schrödinger equation have the form ©´Ö × µ ´Öµ¨´ ×µ ´ µ. The effect of this choice is to reduce the problem to the equivalent one on the´Ò ½µ-dimensional sphere with corresponding Rosokhatius [15] potential
Indeed the corresponding Schrödinger equation
is separable in all the coordinates for which the zero potential Schrödinger equation is separable. (The potential is a Stäckel multiplier [16] .) The complete solution of this latter problem is known [17] (see also [13] for hyperspherical coordinates). The various coordinates can be constructed from a knowledge of the solution to this problem for elliptic coordinates in Ô-dimensions. In graphical notation, [9, 10] , this corresponds to
The associated coordinates on the Ô dimensional sphere have the form
Ô·½ . In terms of these coordinates, the corresponding Schrödinger equation (16) is
The separation equations are The eigenvalue of and these operators are
Here the symbol Ë Ö ½ Ø denotes the sum of all products of Ö elements taken from ½ Ø , where ½ Ø are all different and the symbol is symmetric in the indices ½ Ø , e.g.,
Effectively the sum in these formulas is taken over Ô·½ as indicated. In order to obtain the basic building blocks we need to illustrate how coordinates corresponding to the diagram
give rise to separable solutions and how the wave functions can be computed. A convenient choice of coordinates in this case iś 
This diagram corresponds to the choice of coordinateś
The solutions to the corresponding Schrödinger equation with potential
have the form © © ½´Ù½ Ù ¾ µ© ¾´Ú½ Ú ¾ µ© ¿´Ý µ where 
The separation equations for these solutions are 
respectively. The eigenvalues and are given by The only type of separable coordinate system that is linked to the coordinate can be taken aś
Here Û ¡ Û ½ is a vector on the Ò ½ dimensional sphere. 
where Ò ¾Õ · Ò · È Ò Ð ½ Ð . This equation assumes a more transparent form if 
we see that the satisfy
and the eigenvalue ¬ is given by the expression
which is the eigenvalue of the operator ¾ È Ò ½ Í . given by (12) .
We have established that the coordinate systems for which the Schrödinger equation with potential Î is separable are of two types:
[1]. Coordinate systems for which the coordinate remains isolated.
This corresponds to the systems which separate for Î ¾ .
[2]. Coordinate systems which are associated with disjoint sum of graphs of the form
Here,´¼µ is the basic parabolic coordinate system. How do we know that this potential doesn't separate in coordinate systems other than those listed above? The characterization of the separable systems by AE second-order symmetry operators in involution is crucial here. In [10] these operators are listed in detail for the zero-potential case in Euclidean spaces and on the sphere. We have computed the vector space of symmetry operators for our potential, and given a basis in (9, 10, 11, 12) . In order that our equation separate in a given coordinate system, we must be able to construct operators from this vector space that agree in their differential terms with the characterizing operators listed in [10] . For example, the fact that there is no operator analagous to Ä Ò·½ Ò·½ in (9, 10, 11, 12) means that the coordinate Ü Ò·½ cannot be part of any separable ellipsoidal or hyperspherical coordinate system.
Nonisotropic AE-dimensional Coulomb problem
In addition to the potential we have considered thus far we can also discuss the potential (which is the AE-dimensional generalization of the tree-dimensional superintegrable potential [7] )
The corresponding Schrödinger equation
The Schrödinger equation admits a separation of variables in coordinateś
where × ´× ½ × Ò·½ µ is expressed in terms of any separable coordinate system on the Ò dimensional sphere. If we look for solutions of Schrödinger's equation of the form © ´Öµ¨´ ×µ, the equations for ´Öµ and¨´ ×µ aré 
Here, Ë is the sphere of dimension .
Again, we can check that this potential doesn't separate in coordinate systems other than those listed above by making use of characterization of the separable systems by AE second-order symmetry operators in involution as given in [10] . We have computed the vector space of symmetry operators for our potential, and given a basis in (86,87,88). In order that our equation separate in a given coordinate system, we must be able to construct operators from this vector space that agree in their differential terms with the characterizing operators listed in [10] . 
Operator characterizations

